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Numerical Study of Shock-Re� ection Hysteresis
in an Underexpanded Jet

B. J. Gribben,¤ K. J. Badcock,† and B. E. Richards‡

University of Glasgow, Glasgow, Scotland G12 8QQ, United Kingdom

Shock-re� ection hysteresis and plume structure in a low-density, axisymmetric highly underexpanded air jet
is examined using a Navier–Stokes � ow solver. This type of jet is found in a number of applications, e.g., rocket
exhausts and fuel injectors. The plume structure is complex, involving the interaction of several � ow features,
making this a demanding problem. Two types of shock re� ection appear to occur in the plume, regular and Mach,
depending on the jet pressure ratio. The existence of a dual solution domain where either type may occur has been
predicted, in agreement with experiment where the same phenomenon has been observed for a nitrogen jet. There
is a hysteresis in the shock-re� ection type; the re� ection type observed in the dual-solution domain depends on
the time history of the plume development. A quasi-steady approach is employed to calculate the entire hysteresis
loop. An implicit, multiblock structured, � nite volume � ow solver is used. The results of the computational study
are used to examine the structure of the plume and are compared with experimental data where possible. Some
� ow features not initially recognized from experiment have been identi� ed, notably curvature of the Mach disk,
recirculation behind the Mach disk, and the regular re� ection having Mach-re� ection characteristics.

Nomenclature
a = sound speed
D = nozzle throat diameter
E = speci� c total energy
Fi , Gi = convective � uxes
Fv , Gv = viscous-diffusive� uxes
H = speci� c total enthalpy
H = axisymmetric source vector
M = Mach number
p = static pressure
qi = heat � ux vector
R = radial distance from plume axis
Re = throat Reynolds number
r, z, h = cylindrical coordinates
s = entropy
t = time
vr , vz , v h = cylindrical velocity components
W = vector of conservativevariables
X = axial distance from nozzle exit
X sr = shock re� ection distance
c = ratio of speci� c heats
q = density
s i j = shear stress tensor

Subscripts

b = background stagnation conditions
i = nozzle inlet conditions
r = reservoir stagnation conditions

I. Introduction

A JET is underexpandedif the gas pressure at the nozzle exit is
greater than the ambient pressure. The plumes of highly un-

derexpanded jets are characterized by a complex repeated shock
structure. Several examples of real � ows where knowledge of the
behavior of this type of jet is necessary can be found in the litera-
ture, for example, rocket exhausts,fuel injectors,vehiclemaneuver-

Received 31 August 1998; revision received 20 April 1999; accepted for
publication 13 July 1999. Copyright c° 1999 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤ Research Student, Department of Aerospace Engineering.
†Lecturer, Department of Aerospace Engineering.
‡Professor, Department of Aerospace Engineering. Associate Fellow

AIAA.

ing thrusters,andaeroacousticand aerothermodynamicexperiments
(see Ref. 1 for a summary). The experimentalstudies of Crist et al.2

and Abbett3 established the basic wave structure of a highly under-
expanded jet plume and that regular or Mach re� ection may occur
depending on the conditions (see Fig. 1 for schematic drawings of
regular and Mach re� ection � ow structure for planar � ow). The
method of characteristicshas been employedby many authors3 –6 in
an attempt to develop predictive models for the core expansionand
Mach disk location.

A phenomenon associated with low-density highly underex-
panded jets that has yet to be fully understood is shock-re� ection
hysteresis as reported by Welsh.7 For a (laminar) nitrogen jet ex-
hausting from a nominally Mach 3 nozzle, a set of conditions exist
at which either regular re� ection (RR) or Mach re� ection (MR)
may occur dependingon the history of the plume development.The
regular re� ection should be properly termed an apparent regular re-
� ection, for reasons to be discussed in Sec. IV.C, but until then RR
will beused for simplicity.Becausethe re� ection typestronglyin� u-
ences the interactionof the jet with its environment,an understand-
ing of the phenomenon and de� nition of the hysteresis loop limits
are important. Quantitative experimental investigationof this prob-
lem, aside from being expensive, suffers from probe interference
with the jet structure,necessitatingthe developmentof nonintrusive
measurement techniques.7 However, these promising methods have
yet to reach full maturity, and the potential of a computational � uid
dynamics (CFD) analysis is clear, providing the motivation for this
study.

The existence of a hysteresis effect in the type of re� ection of a
two-dimensionalobliqueshockwave at a wall or symmetric line has
been establishedin recent years. The re� ection of the oblique shock
wave may take the form of a RR or MR. The type of re� ection that
occurs dependson the Mach number upstreamof the incidentshock
and the shockangle.However, there is a dual-solutiondomainwhere
either type may occur and the solution exhibits a hysteresis effect.
More background on shock-re� ection hysteresis can be found in
the review paper8 and in the description of an experimental9 and a
numerical10 study.

Axisymmetric Euler and Navier–Stokes solvers have been used
to obtain solutions for underexpanded jet plumes with impressive
results.11 – 14 These calculations demonstrate good agreement with
experiment for a wide range of conditions using parameters such
as Mach disk location and centerline velocity and are reported to
capture the complex wave structure in detail. The authors are un-
aware of any previous CFD study of the hysteresis phenomenon
in underexpandedjets. The hysteresis phenomenonassociatedwith
two-dimensional shock re� ection has been successfully modeled
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a)

b)

Fig. 1 Schematic diagrams of a) regular re� ection and b) Mach re� ec-
tion using a wedge shock generator.

by using different numerical15, 16 schemes. In this case the crucial
quantities (upstream Mach number and incident shock angle) are
relatively easy to control and model correctly in a computational
approach. However, in the case of shock re� ection in the under-
expanded jet, these quantities are inherent parts of the calculation
rather than being known a priori. All of the interacting features
of the complex � ow� eld must be resolved accurately, making this
problem far more demanding. This paper describes how a Navier–
Stokes solver has been used in an attempt to model and examine
this phenomenon.

II. Numerical Method
The laminar axisymmetric Navier–Stokes equations are written

in cylindrical coordinates (r, z, h ) as
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The shear-stresstensor and heat-� ux vector componenets s i j and qi

are de� ned in the usual manner. The main features of the Navier–
Stokes solver used are outlined here; a detailed description is avail-
able elsewhere.17 – 19 A cell-centered � nite volume method is em-
ployed.Osher’s schemeand MUSCL variable interpolationare used
to discretize the convective terms and central differencing for the
diffusive terms. The linear system arising at each implicit time step

Fig. 2 Boundary conditions.

is solved using a generalized conjugate gradient method. A block
incomplete lower-upper (BILU) factorization is used as a precon-
ditioner. A structured multiblock grid system is employed. An im-
portant feature of the � ow solver is the use of approximate Jacobian
matrices for the left-hand side of the linear system. This has led
to substantial reductions in memory and CPU-time requirements
compared to the use of exact Jacobians.

For this study the assumption is made throughout that the work-
ing gas is in the continuum regime with no condensation and has
constant speci� c heats. These assumptions are con� rmed by the
AerophysicsGroup at the DefenseEvaluationand ResearchAgency
(DERA) Farnborough, Farnborough, England, United Kingdom,
where the experiments were carried out.

Figure 2 shows a diagram of the computational domain with la-
belled boundary condition types (the size of the nozzle is exagger-
ated for clarity). The boundaries labeled A denote adiabatic wall
boundaries with no slip and zero normal pressure gradient. At B a
symmetry condition was applied. To decide which boundary con-
ditions to apply at C, we have the advantage that across all of this
boundarywe know that we should have out� ow. In keeping with an
inviscid characteristic analysis, the � ow variables are extrapolated
from the interior of the domain except for the case of locally sub-
sonic out� ow, where the pressure was imposed at the background
level. The boundary condition treatment at the nozzle inlet D re-
quires a somewhat more involved treatment.We know the reservoir
stagnationconditions(denoted here by r) but require boundarycon-
ditions for the nozzle inlet i. This is achieved by assuming that the
total enthalpy and entropy are the same for the reservoir and nozzle
inlet, thus obtaining expressions for pi and q i , which are imposed.
The velocity components are extrapolated from the interior of the
domain. Note that assuming constant entropy s implies a constant
entropy measure S de� ned by

S = p / q c

For conveniencethe nondimensionalization is constructedsuch that

q r = 1, pr = 1/ c (2)

are the values of density and pressure, respectively, in the reservoir.
The reservoir sound speed, total enthalpy, and the entropy measure
are then

ar = 1, Hr = 1/ ( c ¡ 1), Sr = 1/ c

We now have two conditions to impose at the inlet i:
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The velocity components (vr )i and (vz)i are extrapolated from the
interior of the domain. The inlet density and pressure are then
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For the boundary condition treatment at E, the background stag-
nation conditions are known, but the � ow direction is not known
a priori. With this being similar to the nozzle inlet boundary, the
boundaryconditionshere are treated in the same manner except that
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Fig. 3 Result of grid-convergence study (varying the number of points in the axial direction) for p0 /pb = 285.7.

background conditions are used instead of the reservoir conditions
in Eqs. (2).

The grid generation for this case is straightforward because of
the simple geometry. The computational domain extends 70 noz-
zle throat diameters downstream in order to capture at least two
shock cells and 20 diameters radially from the symmetric line. The
grid within the nozzle consists of 58 and 21 points in the axial and
radial directions, respectively, with this number having been de-
termined from a grid-convergencestudy carried out independently
of the plume calculations. The plume calculations were also per-
formed using a number of grids. The grid was successively re� ned
until the location of the limits of the dual-solutiondomain (see the
following) became converged, with respect to the number of grid
points, to four signi� cant � gures. This criterionwas selected for the
grid-convergencestudy because it is dependent on the resolutionof
the plume structure. A grid-convergedsolution was obtained using
937 and 65 points in the axial and radial directions, respectively.1

For any given pressure ratio the grid is excessively � ne in places,
but because the location of the shock re� ections vary widely with
pressure ratio and the same grid was used in each case this was
unavoidable without using grid adaption. The centerline pressure
distributionon this grid for one pressure ratio is compared with that
obtained on a � ner grid in Fig. 3. The excellent agreement sup-
ports the claim that the grid used in this study producesnumerically
accurate results.

III. Shock-Re� ection Hysteresis
Welsh7 describes a series of experiments where the effect of

varying the ratio of reservoir stagnation pressure pr to ambient
background pressure pb on the plume of a highly underexpanded
nitrogen jet is examined. The reported shock-re� ection hysteresis
phenomenon provided the motivation for this CFD study. In the
experiments, pr was varied and pb was kept constant. In this way
the nozzle exit conditions (nominally Mach 3) as well as the pres-
sure ratio were varied. In addition, experimentswere carried out for
a number of values of pb and for two different nozzle sizes with
throat diameters D of 5 and 15 mm. It is dif� cult then to isolate
the effect of the varying pressure ratio; the location of the dual-
solution domain, in terms of pressure ratio and length of the � rst
shock cell, varies widely for the different experimental setups. A
number of nozzle calculations covering the experimental range of
conditions, as a preliminary to this main study, con� rmed that a
varying reservoir stagnation pressure has a very large effect on the
nozzle exit conditions.1 With this in mind, the present calculations
were performed with a constant nozzle throat Reynolds number Re

of 4000 (implying a constant reservoir stagnation pressure) and a
varyingbackgroundpressure. In this way the nozzle exit conditions
are constant, enabling examination of the pressure ratio in� uence
independently.Comparison will be made here with the experimen-
tal conditions where the value of Re in the reported dual-solution
domain is closest to our constant value, namely, the case with D =
15 mm, pb =35 mtorr, where the value of Re varies between ap-
proximately 3500 and 4500 in the dual-solutiondomain.

The nozzle solution provided initial conditions for the full prob-
lem. Calculations were performed over a range of pressure ratios
from well inside the regular re� ection range to well inside the
Mach-re� ection range including the hysteresis loop.A quasi-steady
approach was employed to account for time history effects. First,
converged solutions were obtained for a low- and a high-pressure
ratio value, these values marking the extremities of the range to be
covered.These were used as initial solutions for a calculationwith a
small change in pressure ratio, thus beginning to traverse the range;
this solution being used subsequently as the next initial solution
and so on. By using a small step change in pressure ratio between
calculations, this approach is very robust and converges quickly at
each condition. Obtaining a converged solution (without the aid of
a close initial solution) for the end points of the pressure ratio range
is far more demanding, requiring approximately 30 times the com-
putational effort. The step change in pressure ratio used is 2.857,
corresponding to a step change in reservoir stagnation pressure of
0.1 torr for a backgroundpressureof 35mtorr in termsof theoriginal
experiments.

The calculated shock-re�ection type and distance variation with
pressure ratio is shown in Fig. 4. The shock-re� ection distance is
the axial distance (X sr) from the nozzle exit to the center of the
� rst centerline RR or Mach disk, nondimensionalizedwith respect
to the nozzle throat diameter. The � gure shows how for a small
range of pressure ratios either RR or MR may occur. A descrip-
tion of the plume structures associated with RR and MR is given in
Sec. IV. Which conditionprevails dependson the time history of the
plume development, in accordance with experimental observation.
Selecting, for example, the pressure ratio value of 300 in Fig. 4, the
corresponding point on the RR(MR) curve will be reached if the
condition immediately prior was also on the RR(MR) curve. The
arrows on the � gure indicate the � ip in re� ection type, which oc-
curs at the limits of the hysteresis loop. From Fig. 4 the conclusion
can be made that the quasi-steadyapproach has been successful, at
least qualitatively, in modeling the shock-re� ection hysteresis phe-
nomenon. Included in Fig. 4 is the locationof the hysteresisloop for
the experimental conditions closest to the constant Reynolds num-
ber employedin the calculation.The experimentaluncertaintyof the
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Fig. 4 Re� ection distance for range of pressure ratios showing hysteresis loop.

Fig. 5 Centerline temperature: regular re� ection.

shock-re� ection lengthcorrespondsto §0.33of the nondimensional
length units used in the � gure. Given the varying Reynolds number
used in the experiment, we cannot expect very close agreement be-
tween the CFD and experimental results, and the agreement shown
here is consideredreasonable.In the caseof two-dimensionalshock-
re� ection hysteresis, the limits of the dual-solution domain can be
calculated from knowledge of the Mach number upstream of the
re� ection and the incident shock angle.1, 20, 21 In principle a similar
analysis is possible here; the Mach number and local shock angle
can be obtained from the CFD results, and the theoretical limits
to the dual-solution domain can be calculated and compared with
the numerical results. However, this approach was not successful
because the shock angles are dif� cult to measure to the necessary
degree of accuracy from the � eld plots caused by curvature of the
shock and shock smearing.

Across most of the pressure ratio range, the predicted re� ection
type matches the experimentally observed type. Very good agree-
ment betweencalculatedand experimentaltemperaturepro� les was
achievedin these cases.Figures5–8 showtypicalcomparisons.Note
that absolute temperatures are shown here, the ambient tempera-

ture being 288 K. The experimental data7 were obtained using a
nonintrusivemeasurement technique,with an expected accuracy of
§5%. Figures 5 and 6 compare temperature results on the plume
centerline and across a radial section, respectively, for a regular
re� ection at pr / pb =228.6. Figure 5 shows a good prediction of
the regular re� ection location, indicated by the sharp rise in tem-
perature, and downstream of the re� ection agreement is also good
although temperature is slightlyoverpredicted.Figure 6 shows good
agreement in the temperature pro� les at an axial position immedi-
ately downstream of the � rst regular re� ection. At the centerline
the temperature is high because the gas has been compressedby the
incident and re� ected shock and has yet to reexpand.Moving across
the plume, there is a sharp decrease in temperature as the re� ected
shock is traversed. The fast moving gas in the shock layer behind
the incident shock, which has yet to be processed by the re� ected
shock, is shown by the temperature trough. The temperature recov-
ers through the shear layer to the ambient value. Figures 7 and 8
compare temperature results on the plume centerline and across a
radial section respectively for a Mach re� ection at pr / pb =328.6.
Good agreement is also demonstrated here. Note that in Fig. 7 the
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Fig. 6 Temperature pro� le at X/D = 15.82: regular re� ection.

Fig. 7 Centerline temperature: Mach re� ection.

calculated temperature reaches the stagnation value of 288 K im-
mediately after the Mach disk, implying that the � ow has stagnated.
This will be discussed in Sec. IV.B.

Figures 9 and 10 show calculated density contours for both RR
and MR for the same pressure ratio (pr / pb = 285.7), a condition
which lies in the dual-solutiondomain. Upstream of the � rst shock
re� ection no difference in the � ow behavior can be detected, in
accordance with experimental observations.The calculated center-
line distributionsof all � ow variables are identical upstream of the
� rst shock re� ection. These � gures clearly show that the MR occurs
slightlyupstreamof the correspondingRR, allowing a greater initial
expansion in the RR case. The � eld plots of the calculated results,
more of which are presented next, are in very good agreement with
the � ow visualizationphotographsfrom the original experiments.7

The grid-convergence study and good agreement obtained, for
both shock-re�ection distanceand temperature values, over a range
of pressure ratios and at several different axial stations gives con� -
dence in the accuracy of the calculations.The detail obtained from
the CFD study will now be used to examine a number of � ow
features.

IV. Plume Structure
A. Regular Re� ection

Figure 11 shows calculatedpressure contours for the pressure ra-
tio pr / pb =185.7, which lies in the RR range. The section of the
plume shown is centered on the second shock cell and includes the
incident shock from the � rst cell and re� ected shock at the begin-
ning of the third. The � gure clearly shows the repeated shock cell
pattern typical of this regime. From these � eld plots the important
elements of the plume structure can be visualized.On exiting from
the nozzle, the air is at a higher pressure than the ambient air and
expands sharply, increasing the cross-sectional area of the plume.
Expansion waves re� ect from the freejet boundary as compression
waves, and in so doing turn the jet boundary toward the axis. The
curved nature of the jet boundary causes the compression waves
to coalesce and form an oblique shock wave, the incident shock
labelled. Air passing through this shock is turned back toward the
axis and collects in a shock layer of increasingdensity, causing the
shock itself to turn further toward the axis. This is also encour-
aged by the increasing Mach number of the air before the shock
in the still-expanding core � ow, whose pressure now lies below
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Fig. 8 Temperature pro� le at X/D = 17.58: Mach re� ection.

Fig. 9 Density contours showing regular re� ection: pr/pb = 285.7.

Fig. 10 Density contours showing Mach re� ection: pr/pb = 285.7.

the background pressure. The axisymmetric shock intersects the
axis and is re� ected as another oblique shock. The shock re� ec-
tion is the mechanism through which the condition of axial � ow
on the centerline is achieved; after the incident shock the � ow is
converging on the axis and is then turned away by the re� ected
shock. Immediately downstream of the re� ection point the air be-
ing processed by the re� ected shock is of increasing density be-
cause of the accumulated shock layer, turning the shock toward the
axis. This tendency is quickly overtakenby the rapidly reexpanding

Fig. 11 Pressure contours showing regular re� ection: pr/pb = 185.7.

core � ow, which causes the shock to turn outward again toward
the jet boundary. The change in curvature of the re� ected shock is
clearly seen in Fig. 11. The shock is re� ectedas expansionwaves by
the freejet boundary,which is turned back away from the axis. This
expansion reinforces the expansionof the underexpandedcore � ow
and initiates another shock cell when the expansion waves again
re� ect from the jet boundary. The pattern is repeated, its strength
gradually lessening, until the structure is destroyed by diminishing
pressure ratio and mixing.

Figures 12 and 13 show calculated centerline distributions of
pressure and Mach number. Regular re� ections arising for three
pressure ratios are shown: pr / pb =334.3 is the highest pressure
ratio for which regular re� ection occurs (a limit of the hysteresis
loop), pr / pb = 57.1 was the lowest pressure ratio considered, and
pr / pb =185.7 was selected as an intermediate point. The ragged
peaks to the pressure curves for the lower pressure ratio cases are
possibly explained by the interaction of the shock layer behind the
incidentshockwith the re� ected shock.Upstreamof the interactions
all of the curves are coincident. Despite the fact that the cross-
sectional area of the plume increases with pressure ratio, the core
expansion along the axis appears to be independent of pressure
ratio until the re� ection occurs. Before the � rst shock re� ection
the gas has become signi� cantly overexpanded, is recompressed
by means of the shock waves, then becomes overexpanded again
(although less so), and the pattern is repeated. From Fig. 13 one
can see that the � ow behind the � rst regular shock re� ection may
become subsonic.From the present calculationsthe lowest pressure
ratio at which this occurs is pr / pb = 171.4, and as the pressure ratio
increases in the RR range the subsonic region becomes larger and
the minimum Mach number smaller. At the upper limit of the RR
range (pr / pb = 334.3), the subsonic region is 2.65 throat diameters
in length with a minimum Mach number of 0.26. More will be said
about the region of subsonic � ow in Sec. IV.C.
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Fig. 12 Centerline pressure: regular re� ection.

Fig. 13 Centerline Mach number: regular re� ection.

B. Mach Re� ection
As the ratio of nozzle exit to background pressure increases, the

amount of expansionat the nozzle exit increases,and the shock cell
grows in size. As the pressure ratio increases, the angle at which the
incident shock intersects the axis increases. The increasing angle
has the result that the � ow behind the incident shock is de� ected
more toward the centerline.The stronger incident shock also results
in a greaterdecrease in Mach number across the shock,an effect that
is countered by a greater Mach number in the core � ow upstream
of the incident shock. The shock de� ection angle necessary for a
re� ected shock to realign the � ow is thus increasing, and at the
same time the Mach number between shocks may be decreasing.A
point is reached where an oblique shock solution for the required
de� ection to realign the � ow is not possible. The realignment is
in this case achieved via a Mach re� ection, which consists of a
normal shock called a Mach disk and a curved oblique shock (see
Figs. 10 and 14). The � ow is subsonic behind the Mach disk but is
supersonicbehind the oblique shock. These areas are separatedby a
slip line, whichemanates from the triplepointwhere all three shocks

meet. Downstream of the Mach disk, the � ow reexpands to become
supersonic and initiates a second shock cell in a similar fashion
to the case of regular re� ection. As the pressure ratio is increased
further, the shock cell grows in size, and the incident shock angle
upstream of the triple point continues to steepen.

A recirculation zone was predicted behind the Mach disk (see
Fig. 15). This surprising feature has been previously noted in an as
yet unpublished CFD study.22 The recirculation is predicted in the
present results for all of the pressure ratios examined in the MR
range. At the lower limit of the hysteresis loop (pr / pb = 217.1),
the subsonic region is 5.58 throat diameters in length. At the high-
est pressure ratio considered (pr / pb =685.7) the subsonic region
is 8.82 throat diameters in length. As can be seen from Figs. 14 and
16, immediately downstream of the Mach disk the pressure is still
increasing; this pressure gradient appears to be driving the recir-
culation. The initial compression caused by the Mach disk brings
the overexpanded gas up to ambient pressure. An explanation for
the continuing increase in pressure is that immediately downstream
of the Mach disk the gas being processed by the re� ected oblique
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shock is of relatively high density because of the accumulation in
the incident shock layer.

The calculated Mach disk is curved, convex if viewed from up-
stream, for each of the pressure ratio values examined. The amount
of curvature increases slowly with pressure ratio. The curvature is
apparent in Figs. 10 and 14. This curvature implies that the � ow is
being turned away from the axis at the triplepoint. This corresponds
to an invertedMach re� ection, followingHornung’s classi� cation.20

However, because of the curvature of all three shocks and their ap-
parent thickness in the present results, it is dif� cult to identify pre-
cisely the location of the triple point and verify the MR type. The

Fig. 14 Pressure contours showing Mach re� ection: pr/pb = 342.9.

Fig. 15 Velocity vectors and streamlines showing Mach re� ection:
pr/pb = 342.9.

Fig. 16 Centerline pressure: Mach re� ection.

� ow directionchanges signi� cantly in the locality of the triple point
(Fig. 15).

Figure 16 shows the calculated centerline pressure distribution.
MR results for three pressure ratios are shown: pr / pb =217.1 was
the lowest pressureratio for which MR occurs (the lower limit of the
hysteresis loop), pr / pb =685.7 was the highest pressure ratio con-
sidered, and pr / pb = 342.9 was selected as an intermediate point.
As also shown in the RR results, upstream of the interactions all of
the curves are coincident.

The shock-re� ection type in the subsequent shock cells down-
stream of the � rst was calculated to be regular in all cases. How-
ever, this study has concentrated on the � rst shock cell, and no
grid-independencestudy was carried out for the other cells.

C. Pseudo-Mach Re� ection
There is some evidence to suggest that the regular re� ections

discussed in Sec. IV.A are in fact Mach re� ections with a Mach disk
of small diameter. In Fig. 9 there appears to be a slip line behind the
RR; comparewith the slip line behind the Mach re� ection in Fig. 10.
As already noted in Sec. IV.A, there is a signi� cant subsonic region
behind the RR at the higher pressure ratios. On close examination
of the pressure contours in the region around the re� ection (see
Fig. 11), there is an apparent Mach disk of approximately three grid
cells in radius. Re� nement of the grid in this area by a factor of
10 had no impact on this feature. Two different levels of MR are
occurring. The incident shock waves to the re� ection are curved,
and conditionsupstream of the shock are varying along the shock; a
conventionalpressure-de�ection diagram approach borrowed from
two-dimensional shock re� ection analysis indicates the possibility
of multiple MR solutions.1 In addition, there is experimental and
numerical evidence to suggest that a true axisymmetric RR cannot
exist, and what has previously been accepted as a RR is in fact
a very-small-diameter MR.22 , 23 This very-small-diameter MR has
been termed an apparent RR.

V. Conclusion
A CFD method has been successfullyapplied to shock-re� ection

hysteresis in an underexpanded jet. The hysteresis of the shock-
re� ection type reported in experiment has been predicted. The cal-
culated hysteresis loop agrees well with experimental results. The
plume structure has been examined in detail using the results of
the CFD analysis for both apparent RR and MR. Good agreement
between experimentaland CFD results has been demonstrated.The
valueof a CFD analysishas beendemonstratedby the detail that has
beenobtainedfrom the results,enablingtheexaminationof � owfea-
tures not initially recognized from the experiments.A recirculation
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zone behind the Mach disk has been predicted,which appears to be
driven by a pressure gradient caused by the relatively high-density
incident shock layer interacting with the re� ected oblique shock.
The Mach disk is curved, convex when viewed from upstream.The
apparent RR is shown to have the characteristics of a MR with a
small-diameter Mach disk.
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